On Hypoelliptic Operators with Double Characteristics (*).
A. MENIKOFF (**)
The object of this paper is to study the hypoellipticity and local solvability of operators with non-negative principal symbols which vanish to exactly second order on their characteristic varieties. Conditions will be imposed on the subprincipal symbol so that parametrices may be constructed. When the subprincipal symbol fails to satisfy these conditions, non-local solvability results will be proved. It may be recalled that the hypoellipticity of an operator implies the local solvability of its adjoint. This means that the results to be given are fairly complete since as it turns out the conditions to be considered on the subprincipal symbol are invariant under taking adjoints. The operators to be investigated are modeled on P = Dt -E-a(t, x, Dx) where is a first order pseudo-differential operator, t E R1, and x E Rn. If a never assumes real negative values then P will be hypoelliptic with loss of one derivative. Section 1 through 3 will be concerned with situations in which a is non-zero but may assume real negative values. In section 1, hypoellipticity is proved if Im a has constant sign but possibly zeros of finite order in t. Local solvability is proved in section 2 for cases in which Im a vanishes to infinite order. A non-local solvability result is proved in section 3. Section 4 considers cases in which a is allowed to vanish.
Operators which are hypoelliptic with loss of one derivative and whose principal symbols take values in a proper cone of Cl have been characterized by Hormander [9] . As [6] and Rothschild-Stein [11] , which study operators of the form. where are first order partial differential operators having real symbols. Below the operators to be considered will be restricted to those with their principal part being a single square but whose subprincipal part is not restricted to being only purely imaginary as in [6] and [11] . A similar study of operators which are the sum of two squares will appear in a future paper.
Although the theorems to be proved are stated for operators acting on Rn, the hypotheses and conclusions are invariant under smooth changes of co- ordinates so that these theorems remain valid for manifolds. The notation of [8] will be used for pseudo-differential operators, etc. C will be used to denote any uninteresting constants and may change from line to line.
1. -The case of non-vanishing subprincipal symbols. Let 
P(x, D) be a classical pseudo-differential operator of order m on
It is of the form where is positively homogeneous of degree j in ~. Denote by the subprincipal symbol of P which is defined as In this section P will be studied under the assumption that ~) ~ 0 and Pm vanishes to exactly second order on Z a smooth submanifold of S2 x (R,,BO) of codimension I transverse to the fibers x = constant. Let (xo , ~o ) E ~, then in some conic neighborhood 1~ of (xo , ~o ), ~ may be defined by the E(x, D) will then be a candidate for a parametrix of Z. The exponential growth and decay condition is needed to be able to localize E as in section 1. Before proceeding further, the behavior of solutions of (4.7) as z moves along the curvet 1 in the complex plane must be analyzed. First the behavior of V(z) on lines will be studied. First the L2 norm of E will be estimated using Lemma 1.7. To do this it is necessary to have the following variant of Lemma 1.6 which is proved in the same way as that lemma. LEMMA 4.4. Suppose that a(t, x, ~) has a zero of order I in t at (0, xo, ~o), then there is a conic neighborhood T of (xo, ~o ), an interval I containing 0, and 713 ac constant 0 such that holds for t, s E I and (x, ~ ) E F.
To apply Lemma 1.7 in this situation, an estimate is required for the expression and three others which look similar. Three cases will need to be considered.
In the first case, suppose that 1$1111+lt&#x3E;0(1). Using To estimate one contribution to the L2-norm of the integral from t to 00 of (4.70) with respect to 8 needs to be estimated. In the range of s and t being discussed, inequality (4.42) holds. Absorbing the factor into the exponential of (4.69) adds a factor of l~ iki/2(k+2)(k+21+2). .
Using H61der's inequality gives
If the above expression is absorbed into the exponential of (4.70), the result is decreased by more than the factor 1$1 -k/2(k+21). The integral of (4.70) is consequently bounded by If I k + 2, then kl/2 (k + 2 ) ( k + 21 + 2) -k/2 (k + 2 Z ) 0 which gives that the integral of (4.70) is bounded by 0(1$1 -1/(k+21+2)). Similar bounds may be obtained for the other contributions. These will show that which is a small operator. This completes a sketch of the proof of Proposition 4.10. 
